On the contribution of cardinalities of row space of Boolean matrices  by Zhong, Lipin




On the contribution of cardinalities of 
space of Boolean matrices 
row 
Lipin Zhong 
Department o/" ~hithematics, Zhanjiang Teache,"s College. Zhanjiang Guangdong 524048, 
People's Republic of China 
Received 26 April 1998; accet~ted 14 September 1998 
Submitted by H. Schneider 
Abstract 
Let B,, be the set of all n × n Boolean matrices, R(A) denote the row space of 
A E B,,, IR(A)[ denote the cardinality of R(A). In this paper, we show the following two 
lacts. (!) For any m ~ [1. 401, [1, 78], [1, 120], there are A E BT,A E BB,A E B,~ respec- 
tively, such that IR(A)I--m. (2) If n~> 10, then for any mE [1,2[!"-1~)/"I+6+ 
- ,~ +,. +_  + 2 4 + 23], there is A E B,,, 
such that JR(A)] = m. © 1999 Elsevier Science inc. All rights reserved. 
A MS chtss([ication." ! 5A30 
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1. Introduction 
Let Bin,, denote the set of all m x n Boolean matrices. If m = 17, we write B,,. 
Then B,, is a semigroup with the ordinary matrix multiplication and entries 
using Boolean operation. Let R(A) denote the row space of A E B,, and let 
JR(A)[ denote the cardinality of R(A). Then the cardinality [R(A)[ is in [1, 2"]. In 
1992, Konieczny in Ref. [1] gave the distribution of cardinality of row space of 
matrix A E B,, in interval (2"-~,2"), and gave one conjecture. For any 
m E [1,2"-I], theJe is A E B,, such that tR(A)I - m. ha 1995, Li and Zhang in [2] 
proved tha~ for ,z <~ 6 the Konieczny's conjecture is true, but for n > 6, Ko- 
nieczny's co~jecta~c ~:~ tot  true. So, it is of interest o consider the distribution 
of [R(A)[ in interval [1,2 "-l] for n >/7. In this paper, we obtain the following 
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results. If n = 7, 8, 9 and n i> 10, there are no gaps in intervals [1, 46], [1, 78], [1, 
120], [1,2 [In-l°)/2]+6 + 2 t((n-li-l°)/2]+6 +""  + 2[/11-10)/21+6  2[11°-1°)/21+6  26 +25 
+24 + 23] respectively. 
2. Preliminary 
In this section, we will review some definition and present some elementary 
results. 
Let i, m, n, l, p be positive integers, S~ be a non negative integer. Let e be the 
n-tuple with l in all coordinates, e~ be the n-tuple with 1 in the ith coordinates 
and 0 in other coordinates. By A~. we denote the ith row of A E Bin,,, by a;j we 
denote the (i,j)-entry of A. "ei+e,+~ +. . -+e/ '  in A denotes a row 
"(0,0, . . .  ,0, 1, 1, . . . ,  1 ,0 ,0 , . . .  ,0)" in A. 
Definitien. Let A E Bin., 1 <~p<<.m, 1 <~j<~ n. Define R-P(A) = {Ai,. +- . .+  
A~k,lk>10, 1~<il < ' "< ik<<,m,  Vj, i j ¢p} ,  R+P(A) = {A~, ,+. . .+A~,k>I  1, 
1<<, il < . . . < ik <~ m,3 j ,  ij = p}. 
Lemma 1. I f  n>18 and n is an even number, 
m E [1,2 ('/2/+t +2 n/2 +" '  +21 +2°], m can be expressed 
m 2 s ,+2 s,-~ + +2 s' where S iE{O, I  2. i ! = . . .  , , . . . ,~n ,~.n+l} ,  
S, < Si+l, i=  1 ,2 , . . . , ( ! -  I); I~< ~n+ 2. Moreover: 
(i) I f t=½n+l ,  then !<~$2<~2; 
(ii) I l l  = %n + 2, men m = 2 I''/'-I~l + 2 "/'- + . . . .  + 21 + 2°. 
then fo r  any 
in the fo rm 
i=  1,2, . . . ,1;  
Proof. Obviously, we have 
= 2Cn/21 +l m al,,/2l+t + a,,/22 "/2 + . . .  + al2 ! + a02 °, 
where a, = 0 or a, = 1, i = 0, 1 , . . . ,  ~n + 1. Omit the terms ai2 ~ with a, = 0, we 
have m=2 s '+2 s ' -~ '+. . .+2 s- '+2 s', where S ;E{0 ,1 , . . . ,½n,½n+l} , i=  
1 ,2 , . . . , / ;  S, < Si+l, i = 1 ,2 , . . . , ( / -  1) and 1 <~ in + 2. 
(i) Let l = ~n + 1. Since $2 > S~ i> 0, $2 i> 1. If $2 >i 3, then $3 >i 4 , . . . ,  
S(,,/21+l >I ~n+2,  m = 2s~"/2~*' +2 S"'2 + ' ' "  + 2 s~ >t 2 C''/')~2 + ' "+ 23+2 s' > 
2 C'/21+~ +. . .  + 2 ~ + 2 °. This contradicts the hypothesis. So $2 ~< 2, 1 <~ S, <~ 2. 
(ii) Holds trivially. !-1 
Lemma 2. / f  n i> 10 and n is an even number, then for  any m E 2 (n/2)+2, 
2 (n/2)+2 + 2 n/2 + 2 (''2)-! + . . .  + 23], we have m = 2 ('/2)+2 + 2 s~+ . . .  + 2 s', 
where S iE{O, l ,2 , . . . ,%n},  i=1 ,2 , . . . , l ;  S i<S i+ l ,  i -  1,2 , . . . , (1 - i ) ;  
1 <~ ½n. And  
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(i) I l l  - ~ n - 1, then 1 <~ $2 <~ 2; 
(ii) I f  I = ~n, then m = 2 !"/2)+-" + 2s(', ,-') +- . -  + 2 s" + 2 2 + 2 i + 2 °. 
Proof. For  any  m E (2 (n/2)+2, 2 (' /2)+2 + 2 n/2 + 2 (n/2)-I +- . .  + 23], clearly, we 
have m = 2 (n/2)+2 + k, where k E [1,2 n/2 + 2 (n/2)-l +- . -+  23], For  k, by using 
the similar proof  of Lemma 1, we obtain m = 2 ("/2)+2 + 2 s~ +-- -+ 2 SR, where 
SiE  {O, l ,2 , . . . ,½n},  i=  1 ,2 , . . . ,1 ;  Si<S~+I, i=  l ,2 , . . . , ( l - l )and  ; : . ln  
+1. 
If I = ½n + 1, then m = 2 (n/2)+2 + 2s,"/-')+' + . . .  + 2 s' = 2 (n/2)+2 + 2"/: + . . .  + 
2 ) + 2 o > 2 ("/2)+2 + 2"/'- + 21"/2)-~ + . . .  + 2 3. It contradicts to the hyvo:hesis. 
i Thus l <~ 5n. 
The proof  of remainder part is similar to the part of Lemma 1. 1:3 
Lemma 3. / f  n t>9 and n is an odd number, then .[or any 
m E [1,2(n+3'/2 + 2/''+I)/2 + ' ' "  + 23], n'e have m ---- 2 s' + 2 st-' +- - -+  2 s', where 
S iE  {0,1 ,2 , . . . ,½(n+3)} , i  1 ,2, . . . , l ;  Si<Si+j ,  i=  1,2, . . .  ( l -  1); 
1 <~ ½ (n + 3). Moreover, 
(i) I f  I = ½ (n + 1), then 1 ~< $2 ~< 2; 
(ii) I f l  = ½(n + 3), then m = 2 s' + . . .  + 2 s' + 22 + 2 ~ + 2 °. 
Proof. By using the similar proofs of  Lemma I and 2, we can show Lemma 3. 
Suppose n>~7,  /> i>_ -  l, S t+ l - i~<n-  l, S~,j >S  i, j= i , i+ l ,  . . . .  
(! - I .~. Let 
i Is~ Os~.~:I,,.-.s'~l I 
A* = ¢(.';, i+11 + eIsi 1+2) + " ' "  + e(.%,li E Bt,s,t~(i_i)),. 
e(s,+ll + el.s',+2) + " ' '  + ets~ ~t i l  
We denote by A~ ~ Bk,, the first k rows of A*. For  example 
Aist ~2) - ) eist ~ i) + eist ~-.) + • • • + e~si + i) • 
e(sit :~-I) -+- eis~t ,~2i  + • " • + e(s/+2) 
Lemma 4. R(A*)I = 2 s' + 2 s'' " + ' . "  + 2 s'. 
Proof. Since a u - Ofor i = 1, 2, . . .,(St + 1 - i -  1) and j = St + l -  ( i -  1), 
. . . ,n  and a(s~+l-i)(s,+i-i) = 1, R+(S'+t-i)(A *) NR-IS'+t-i)(A*) = O. From fact 3 
of [21, we have IR(A*)I = IR+(S'+1-i)(A*)l + IR-IS'+l-~i(A*)l = I R+is'+i-i) (A*)I 
+ [R(A*st+t_i_l) 1. Similarly, we can obtain 
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IR(As,+t_,_~ )I - Ie+(Sl+i - i -1) (A*S,+i - i - I ) l  21- IR-(S '+l- i - i ) ("4*Sl+l- i - i  )l 
= Ie+tS,+'-'-')(As,+,_i_,)l + IR(As,+,. ~)I, . . . , IR(As,+t)I 
= IR+IS'+'~(A;,+~)I + IR'A*~s,)I. 
Hence, 
IR(A*)I = IR+(S'+'-')(A*)I + IR+lS'+'-'-'~(Ats,+,_,_tl)l 
+ . . .  + IR+(S'÷t)(As,+;)i + IR(As,)I. 
Since A* + AL - A* Is,+~--~l, - is,~-t-~l, lbr j = S, + 1, S; + 2, . . . .  St + 1, . . . ,  S, + 
l - i -  1 " ~-I , t.e.,IR s'+/')(A*)l = 2 ~. 
By using the similar way, we obtain IR+lS~+t-i-l)(A*sz+i_~_l)l=2 s.+t~, 
...,IR+tS'+i)(A's,.,)l = 2 s''-'', [R(Ak,) I -  2 s'. Hence, IR(A*)I = 2 ~' + 2 s'-' + ' - '+  
2s,.t + 2 s,. I--1 
Lemma 5. Let ( A ) 
A** = A~,+t_i+ll , E B,,, 
O(n-(St + t-i+ I )) × n 
where A" is defined as abot, e, and let A~,+l_i+l), satiff), 
N R ' ls ' ' t - '+l l(A' ')  = O. Then 
IR(A" )1 = 2s' + 2s" " +""  + 2s' + R'~s" t "~(A" ) I  . 
R'-Is,~t-'+l)(A**) 
Proof. It follows from fact 3 of Ref. [2] and Lemma 4. El 
3. The main theorems 
Theorem I. For any m E [1,46], there is A E B7 such that IR(A)I = m. 
Proof. [1,461 = [1,321U (32, 461. 
Case 1" For any m E [1,32], from Theorem 5.1(2)of  Ref. [2], there is ,4 6 E B6 
such that IR(A6)I = m. Therefore, there exists 
,46 0)  
0"! = 0 0 EB7 
such that IR(cr~)l = m. 
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Case 2: If m = 33,34,36,40,  then m can be expressed in 
m = 25 + 2 s, where S E {0, 1,2, 3}. Let 
A = 
15 05.2 ) 




such that IR(A)[ = 45 and IR(8)I : 46. 
ls O5.2 '~ 
e4 + e5 + e6 ) , 
e i+ee+es+e7 
Summariz ing the above argument,  for any m E [1,46], there exists A E B7, 
such that IR(A) I - -m. [] 
Theorem 2. For an), m E [1,78], there is A E B8 such that iR(A)I = m. 
Proof. By using the similar proof  of Theorem i, we obtain Theorem 2. 7] 
Theorem 3. Let n >1 9 and n be an odd number. Then j~r an), 
m E [1,2 C'+3)/2 + 2 ('*t)/2 +- . .  + 23], there exists A E B,, such that IR(A)I = m. 
15 05.2 ) 
,4 = e4 + e5 + e6 and 
el + e2 + e3 + e7 
By direct computat ion,  we have [R(A)[ - -m. 
If m = 35 ,37 ,38 ,41 ,42 ,44  then m can be expressed in the form 
m = 25 + 2 s-" + 2 s' , where S., > Sl, S, E {0, 1,2, 3 }, i = 1,2. Let 
A = es,+i +es2+2 + " '+e6 ~_B7. 
esi + I -~- esi ~-" + + e7 
Then a satisfies the condit ions of Lemma 5, where n = 7, l = 2, & := 5, 
St + 1 - i + 1 = 7, ]R+7(A)] = 2 s'. Hence, [R(A)[ = 2 s + 2 s: -+- 2 SI . 
If m = 39, 43, then m can be expressed in the form m = 25 + 2 s + 2 ! + 2 °, 
where S E {2, 3 }. Let 
A = es+l + es+2 + ""  4-c6 ~ E B7. 
e t + e2 + e3 + e4 + e7 
Then A satisfies the condit ions of Lemma 5, where n = 7, 1 = 2, St = 5, i = I, 
St =S,  S t+ l - i+ l  =7,  IR '7( , , / ) I=2 ~+2 o . Hence, IR (A) I=25+2s+ 
21 + 2 °. 
If m = 45, 46, then by I emma 5 again, there exist 
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Proof. Let m E [1,2 (n+3)/2 + 2 ('+1)/2 + "'" + 23] • Then m = 2 s~ + 2 s'-I + " "+2 s', 
l (n+3)} , i=  1 2,. I;Si<S~+~ i=  1 2, (1 -1 ) ;  whereS ,~{0,1 ,2 , . . . ,~  , . . ,  , , - . . ,  
1~< ½(n+3). 
Case 1" If l~(n -1) ,  then S,+( l - l )<~½(n+3)+½(n-1) - l=n.  
Define 
A __ 
Is~ Ost × (,,-s~) 
e(s~_~+l) + e(st_~+2) + " ' "  + e(s~+~) 
e(st+~) + e(s~ +2) + • " " + e(s,+t-~) 
E np! o 
A ~ 
e,, ,. i -4- e,,, 3 -'v- 
A m _  
e~ + e4 + " ' "  + e,,~ I
e . ,+ea+. . .+e , ,  ) 
Then A satisfies the condit ions of Lemma 5, where St = t (n + 1), ! = ½ (n + 1), 
i=  2, IR4(S"t-'*t)(A)[ = IR'"(A)I = 2 ~. So, by Lemma 5, IR(A)I = m. 
Case 2.1.2: If S(,,.i)/,. = ~(n + 3) then m = 2 (n+3)/2 -4- 2 s("~)/'- + ' " -4 -  2 s-~ 
+2 2+2 I, where S~E{3,4 ,  . . . .  ½(n+l )} ,  i=3 ,4~. . . ,  ~(n - l ) ,  S,<S~÷I,  
i = 3 ,4 , . . . ,½(n-  3). Let 
( 1,,,, O~ 
es~a ~t + es~t ~2 +""  + e# 
es~+l 4 es~+2 +' ' '  +en- I  
S~ - ! $4 n -  2 
Ee i  + Ee /+ E c t+e,  
k i=l ]:-:$t )1 1:: Sa+2 
I (n+ 1), Then A satisfies the condit ions of Lemma 5, where St = ~(n + 3), l = 
i=  3, Ig+(s,"-'+~)(A)l = IR÷"(A)I = 2 2 + 2 ~. So,  IR(A)I = m. 
Case 2.2: If $2 = 2,St = 0, then S(,,+l)/2 >t ~(n + 1) 
Case 2.2.1" If S(~+l)/: = ½(n + 1) then, m = 2 (''+~)/2 + 2 ("-~)/2 +-"  + 2 2 + 2 °. 
Similarly, there exists 
E nt  ! • 
E nn .  
O(n -S l - ( I - l ) )xn  
Then A satisfies the condit ions of  Lemma 5, where i = 2, IR+(S'+t-i+i)(A)l = 2 s~ • 
Hence, IR(A)] = m. 
=~(n+l ) , then  1<~S,<~2. Case 2: I f l   
Case 2.1" If $2 = 2,S~ = 1, then S(,,÷~1/2 >i ~(n + l). 
Case 2.1.1' S(,,+~)/2 = ~ (n -4- 1), then m - 2 ('+~)/2 + 2 (n-~)/-' + ' "  + 2 3 + 2 2 
+2 ~ . Let 
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A = 
e I,,+, O,,4× 
T 
e. { t + e,, +x 
""5-" 
e3 + e4 + "'" + e . - z  
C Bn, 
A = 
e s,~_~ +l + e s,_4_~ .~ 2 + "" • + eo ~. s
es~ + i + esa +2 + • • • + e._  1 
et + " "  + es3 + e(&+-2) + " "  + e,,_3 + e,, ? 
A 
such that IR(A) I  : -  m.  
Case  2.3: If S., = 1,& = 0, then m = 2s(,,,'), ': + 2s( ,, t),., + . . .  + 2s: + 21 + 2 o, 
~(n+l )  i (n+3)} ,  i=3 ,4 ,  { (n+!) ,  S i<S,+~ where S iE{2 ,3 , . . . , i  , i . . . , ,  , 
i=  3, 4, . . . ,~ (n -  1). Hence, by Lemma 5, there exists 
( /s.,, Os,,,,.(,,_s-,,,, I 
-'5-- -'5-- 
es,. 4.~ I + es%_ t~ 2 + • • ' + e(s.,, ~ + i ) 
., 
By Lemma 5, there exists 
A 
es'~¢t + e.s'~ 2 -t . . . .  + e l s , , ,~  2)  
el + . . .  + e(sz~_t+~_4) + eis,~_! + ~_  R) 
0(,,-s,,, i -~-~ ! ) ×,, 
"T  " / 
such that IR(A)I- m. 
Case  3: If l = ~ (n + 3), then m = 2 s,,,+-w: +. . .  + 2 s4 + 2-' + 21 + 2 °, where 
$4 >t 3 , . . . ,S ( ,+1) /2  >i ½(n + 1). 
Case  3.1" If S(,,+3)/2 = ~ (n + 1), then m = 2 ("+1)/2 +. . .  + 2 3 + 2 2 + 2 ! + 2 °. 
e,,~ + e~ 
e3 + e4 + " ' "  + e,,_l 
e~ +. . .  +e,,_~ + e,,/ 





such that IR(A)I = m. 
I (n + 3) then m 2 ("+3)/2 + 2s(.-,,/"- + 2s~.-3,/. " + Case  2.2.2: If S(,,: ~)/2 =3 , = - ' .  
+2 s3 + 2 2 + 2 0 , where Si < Si+,, i=  3 ,4 , . . .{ (n -  3); Si E {3 ,4 , . . . ,½(n  + 1)}, 
i = 3, 4 , . . . ,  ½ (n -  1). By Lemma 5, there exists 
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Case 3.2: If S(,,+3)/2 = ~(n + 3), then m -- 2 (n+3)/2 + 2 s~"+~:" +""  + 2s' 
+22 + 2 ~ + 2 °. Hence, by Lemma 5, there exists 
e(s.+4+~) + e(s.~_2~+2) + " "  + e~_s 
e(s~+t) + e(s~+2) + " '"  + en-I 
S4 Ss n - 3 
Ee i+ Ee i+ ~-, e t+e,  
~i=!  j=$4+2 I=$5+2 
E Bn 
such that IR(A)[ = m. 
Combining the above argument, we obtain Theorem 3. U] 
Corollary 4. For any rn E [1,120] = [1,26 + 25 + 24 + 23], there exists A E Bg, 
such that IR(A)I = m. 
Theorem 5. Let n >i 10 and n be an even number. Then for any 
m E [1,2 (~/2)+2 + 2 ~/2 + 21"/2)-! +""  + 24 + 23]' there exists A E B~ such that 
IR(A)I = m. 
Proof. m E [I,2 t'/2)+2 + 2"/2 + 2¢"/2)-t + ' "  + 24 + 23] ~ m E [1,2 C''/2!+t 
+ 2,/2 + 2(,,/2)-t + . . .  + 2 t + 2 °] u [2 (''/2)~2. 2 t'/2)+2 + 2"/2 + 2("/2)! + . . .  + 
2 4 + 23]. 
Case 1' m E [1,21"/2)+! + 2 "/-" + ' "  + 21 + 2o] • By Lemma 1, m can be ex- 
pressed in the form m = 2 s' + 2 s'' + "" + 2s~, where S, E {0, 1,2, . . . ,½n, 
I , " ° ' ,  " -  . . .  ~n+l} ,  i=  1 2, 1; S~<S~+~, i 1,2, ,(1 l); l~< ½n + 2. 
Case 1.1" If l<~ ~n, then S~ + ( / -  1)~< ~n + 1 + (~n-  I )=  n. Let 
A __.. 
lSi Osl × (n-Si) 
e(st_t+l) + e(si t+2) + "'" + ets~+l) 
e(s~+t) + elsie-21 + • "" + e(st+t- l )  
O(.-st - it- i)) ×. 
E Bt l .  
By Lemma 5, we have IR(A)[ = m. 
Case 1.2: If l = -t 2n + l, then m = 2 s~'/-''''' + 2 s'':'-' +""  + 2s~ + 2s: + 2sl, 
1<~$2<~2. 
Case 1.2.1: If $2 = 2,SI = l, then m = 21''/21~~ + 2 "/'- +""  + 23 + 22 + 2t. 
We have 
L. Zhong I Linear Algebra and its Applications 288 (1999) 187--198 195 
A = 
/' I~+1 O(-~+ l) x (~- l) 
e-,,+! + e~+2 
. . , 
e4 + e5 + • . .  + el, ,_ l)  
n-2 
e l+e2+e4+en+~_,e i  
\ i=6 ,) 
E B n . 
Simi lar!y,  by Lemma 5, [R(A)[ = m. 
Case 1.2.2: I f  $2 = 2, SI = 0, then m = 2 In/2i+* + 2 '1/2 +. . -  + 2 3 + 2 2 + 2 °. By 
Lemma 5 again,  there exists 
A = 
/ I,~+! O/- . ,+t)×lq-  I ) '~ 
e~+! + e.~+2 
, , . 
e4 + e5 + • • • + e, i -1  
P! -"- 3 
el +e2+e3+e, ,+ ~e,  
i=5 
E B,I, 
I= :_m.  such that  IR(A), 
Case 1.2.3: I f  & = l ,&  = O, then $3 ->/2 , . . .  ,SI,,/21+~ >t. ½n. 
I f  &,1/21+~ = ~n, then m = 2 "/2 + 2 t'!/2!-~ + . . .  + 2 ~ + 2 °. We have  
m 
e~ + e~ i 
e2 + " " + en-I 
\ e j 
E B,I, 
and IR(A) I  = m.  
I f  Sol/21+~ = ½n + 1, then  m = 2 ¢'!/-'i+~ + 2 s''-" Jr . . . .  + 2 s-' + 2 t + 2 °, where  
in} , i=3 4, . ~n, S ;<S i+ l ,  i=3 ,4 ,  . ~n- l .  There  exists S ,E{2 ,3 , . . . , ,~  , .. ,_ .. ,_ 
m .__ 
( 191 Oc~+l)×l~-I! 
es~+i + es~+2 + ""  + e~+2 
es, + I + es~ + 2 + " • • + e,,_ i 
n-3 
~ ei + en 
E BI 1 
such that  IR(A)I = m. 
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Case 1.3: If  I -- ½n + 2, then m = 2 ('/21+1 +. . .  + 2 2 + 2 r + 2 °. We have 
A = 
( Ii+! O(~+l)×(l- |)
e.~+l + e D2 
e4 + e5 + "'" + en-I 
n-3 
el + ez + e3 + en + ~__,ei 
it i=6 ] 
E B,, and IR(A)I = m. 
Case 2: I f  m = 2 (n/2)+2, then we have 
0"  - "  
Clearly, IR(a)l = m.  
Case 3: m E (2/'i2)+2, 2 n/2+2 + 2 ('421 + 2 ~'/'-I-! + . . .  + 23]. By Lemme 2, 
m can be expressed in the form m = 21"/-'/+2 +2 s' Jr . . . .  +2  s', where 
S ,E{0 ,1 , . . . ,½n},  i=  1 ,2 , . . . ,1 ;  &<&+, ,  i=  1 ,2 , . . . , ( ! -1 ) ;  t<~½n. 
Case 3.1' I f  l <~ -t,n - 2, then m = 2/'/2/+-' + 2 s, + . . .  + 2 s,. We have 
f h+2 0(~+.21~/~-.,i 
e(&+l) + e(st,2) + "'" + e~l+3) 
• • Q 
es  I t , I  + eS 1+2 + ' ' '  + e(~,21/) 
\ 0(.- 1'4~ -  ~ #l)~,, / 
E B,,, 
such that IR(A)I = m. 
Case 3.2: If l = ½n-  1. then m = 2 C'/21+2 + 2s,. :~ *+. . .  + 2 s= + 2S,,l <~& <~2. 
Let 
I~+2 0/~+21×c~-2/ / 
, ecs~.~+l) + ' "  + el~3) 
Ai  = E B(n-II×n. 
es~ + I -I- es~ + 2 + • • • + en- ! 
Case 3.2.1" If  S., = 2,& = 1, then m = 2 C'/-')+2 + 2s~,,':> , )+. . .  + 2 s, + 22 + 21 
We have 
A ( ) & -. I & n -  2 E Bn, ~e,+ ~ e j+ ~ e ,+e, ,  
i=i j=S3+I t=$4+2 
such that IR(A)I = m. 
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s~ t,- 3 E B,,, 
Ee i+ ~,  e j+en 
i= I j :$3 +2 
such that  JR (A) ] - -m.  
Case 3.2 .3 : l fS2  = 1,& = 0> then m = 2 ('/2)+: + 2s(,/:,-~ + -. .  + 2 s-~ + 2 ! + 2 °. 
We have  
j"  
.,4 - -  ) / A~ ~ ,;-3 E B,,, E ei 4" e.  
/=1 
such  that  IR(A)I  = ,,. 
= ! =2( , /2) .2  2s(o2, .. 2s~ 22 20 Ca~e 3.3" I f  1 sn, then m + +.  + + +21+ , 
where & E {3 ,4 , . . . ,~n}, i  = 4 ,5 , . . . ,~t : .  We have 
4 -- 
i-:,-.,) 
es~+l 4. es,,+2 + ""  + e~_+3 
es. , ) 4.  e.% , 2 4 .  . . . 4 .  e, ,  ! 
S., S.~ n- 3 
Ee,+ E "+, E e,+,,,, 
k i  I i ,";.~) "~ ,. t S,~ + "~ 
E Bn 
such that  IR(,'t)I = m. 
Combin ing  the above  argument ,  we obta in  Theorem 5. I--1 
, 2 I'' '' i,, 1 Theorem 6. Let n >i 10. Then for an)' m E [I 2 f'~''----~']+(' + - - -Y - "  +64.  
2'("" '"" . . .  2[" '"] 2["'"'1+6 26 25 + 24 93 t---y---)+6 + + .--7-+6 + ---y- + + +_  ], there exists A E B,, 
such that IR ( / I ) I -  m. 
Proof .  I f  n i> 10 and  n is an  even  number ,  then  
" "' - . . .  2 I"' "'l ~6 96 24 23 2 I'-~"--4.6+2 .---v-- ~ '+ + ~ +_  +2 ~+ + 
~ r(~'! 4 ) -  l l )  ,,_ (tl O)  lO 
__ -~['~]+6 4- 2 .91~"- ' i~¢,  4- 2 .2  t---r-:- I~° 4 2 .2  -' .... .o 
- ' " ' " '  "- 96 25 24 23 4"" '+2"2t  -- 'Y"-"°+- 4" + + 
-- 2 ("+2)/2 4. 2 .2  "/2 + 2 .2  (',-2)/2 + 2 .2  {"-4)/2 
+ • + ~. 2 6 + 2 6 2 5 2 4 -- " -- 4" 4. +/ -  
= 2 ('/2)+2 + 2 "/2 + 2 i'/2)--I +""  + 27 4" 26 + 25 + 24 + 23 • 
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If n >1 11 and n is an odd number, then 
2 ["--~91+6 q- 2 [~]+6 +"" - t -  2 [~1+6 + 26 q- 25 + 24 + 23 
= 2- 2 [~1+6 -F 2 ,2  [~1+6 +. . -+  2 .2  [~]+6 + 26 + 2 5 + 2 4 + 23 
= 2.2  (n+i)/2 + 2.2  (n-l)/2 +. . .  + 2 .26  + 26 + 2 5 + 24 + 23 
._ 2(,,+3)/2 + 2 (n+l)/z + . . .  + 23 . 
From Theorem 3 and Theorem 5, Theorem 6 holds. I-1 
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